Trinity Western University
Department of Mathematical Sciences
MATH250 (Linear Algebra)
Mid-Term I Examination Solution

1. Discuss the solution of the system of equations

r—4y+2z=2

3x+(a—4y=1

3x—y+(a—3)z=1
for various values of a (Indicate in each case how many solutions will you get,
also giving the solutions if they exist).

Solution:

The augmented matrix is

1 —4 2 2
3 a—4 0 1 ng(—?)), ng(—?))
3 -1 a-3 1
1 -4 2 2
~ 0 a+38 —6 ) R23
0 11 a-9 -5
1 —4 2 2
~l o 11 a-9 =5 R23<‘H8>
0 a+8 -6 -5 1
1 —4 2 2
~ 0 11 a—9 )
0 0 —6-—=L(@—9(a+8) —5+2(a+8)
1 —4 2 2
=10 11 a—9 -5 R3(—11)
0 0 —L@—-a-6) Z(a—23)
1 —4 2 2
~1 0 11 a—9 -5

0 0 (a—3)(a+2) —5(a—3)
We look for the first non-zero entry in the third row. It is (a — 3)(a + 2),
unless it is zero. Thus we must make a distinction between the two cases (i)
(a—3)(a+2)#0, and (a — 3)(a+2) = 0.

. . . 1
Case (i) (a—3)(a+2) # 0, i.e., a # 3 and a # —2. Peforming R3 ((a 3t 2))
on the augmented matrix, we get
1 —4 2 2
0 11 a-9 -5
0 0 1 _5
a+2

The given system is equivalent to



r—4y+2z=2
1ly+ (a—9)z= -5
5

a+2
Performing back-substitution we get
1 5(a —9) 5
1
==[-b—(a—9)z]=— |6+ ——F| =—
y=1l-5- (=9 11{ M } a+2
10 2(a —3)
=2+4+4y—22=2-— =
v Ty g a+2 a+2
So in this case we get the unique solution
2(a—3) 5 L 5
a+2 77 a4+2" 7 a+2
Case (ii) (a — 3)(a + 2) = 0. Now the augmented matrix becomes
1 —4 2 2
0 11 a—-9 -5

0 0 0 —5(a —3)
Looking for the first non-zero entry, we find that it is —5(a — 3), unless it is
equal to zero. Therefore, again, we must make a distinction, between the two
cases (ila) a — 3 # 0, and (iib) a — 3 = 0.

Case (ila) a —3 # 0, and (a — 3)(a+2) = 0, ie,, a # 3, and a = 3 or
a=—-2=a= -2 (since a = 3 and a # 3 at the same time is impossible). For
this value of a, the augmented matrix takes the form
1 -4 2 2
0 11 -11 -5 Ry (5) . Rs(3)
0 O 0 25
1 -4 2 2
~o 1 -1 =&
0 0 0 1
which is the row echelon form of the starting augmented matrix. The last row
leads to
0z +0y+0z=1
No values of x, y and z can satisfy the above equation. Hence when a = —2,
there is no solution.

=

Case (iib) e —3 =0, and (a — 3)(a +2) = 0 = a = 3. Now the augmented
matrix becomes

1 -4 2 2
0 11 -6 -5
0 0 0 0

The equivalent system of equations is
r—4y+22=2,11y—6z=-5, 0=0
Solving for the leading variables we obtain
r=2+4y -2z, y= (-5 +62)
Setting the free variable z = t, the following infinitely many solutions are ob-
tained



_ 2 2 _
r=37+ b y=

We can summarize the results:

5 6
—2 4+ 5t 2=t teR

When a = —2, there is no solution.
When a = 3, there are infinitely many solutions.
Otherwise there is an unique solution.

2. Show that if A and B are 3 x 3 matrices then tr(AB) = tr(BA). Use this fact
to show that in general, i.e., for any two n x n matrices A and B, AB— BA = I,

is not possible.

Solution:
a1 a2 ais bi1 bz bis
Let A = 21 Q22 0423 and B = b21 622 b23
as1  azz2 ass b31 b3z b33
Then

a11b11 + a12b21 + a13b3;

a11b12 + a12b22 + a13b32
a21b12 + az2b22 + a3bso
az1biz + azabag + aszbso

bi1ai2 + bigass + bizasz
bara12 + bagage + bazass
bs1a12 + baaage + bzzass

a11b13 + a12b23 + a13b33
a21b13 + az2baz + az3bsz
a31b13 + az2baz + azzbsz

bi1a13 + bi2aos + bizass
ba1a13 + bazags + bazass
bs1a13 + bzaaos + b3zaszz

tr(AB) = a11b11+a12b21 +a13b31 +a21b12+a22b22 +a23bsa +az1b13+azebaz +

tr(BA) = bi1a11 +bi2az1 +bigazt +bo1a12+baaase +bagase +bsia13+bs2a03+

AB = | a21b11 + azbai + azsbs:
agz1bi1 + azzba1 + asszbs;
and
biiai1 + biz2ag1 + bizas:
BA = | baiai1 + bazasi + bazas:
bs1a11 + bazaz1 + bszas;
Therefore
a33bss
3 3
=D > aib;
i=1 j=1
and
b3zazs
3 3
=1 j=1
Clearly
tr(AB) = tr(BA)

3 3
bijaj = E E :auba
1=1 ':1

and the result is also valid for n X n matrices.

For AB — BA = I, to be true, tr(AB — BA) = tr(I,)
But tr(AB — BA) = tr(AB)— tr(BA) =0, and tr([,,) = n, and the two cannot
be equal. Thus AB — BA = I,, is clearly impossible.

3. Find an LU-decomposition for A =

=N
S =
N DN DN



Solution:

Ris(—3), Riz(3)

= O o
— N NN
[ I

Ry3(2)

1
NI | o=
[N}
w

the numbers in the boxes being the multipliers.
Hence

L =

Of course, th

0
0 and U =
1

|
AN = O
oD O O N

1
1
i
2
e

~

U-decomposition can be d
0 0 2 4

1 0 0 —1

-2 1 0 0

|
|
N = O

b
\
h
d
Il
—o NNl — N
|
NN = )

o

[\V]

and now L =

I
—_
N O UtoO O - o o

— =N
\
o O O
-

Il
OO =
[enll o V]
\

—_ =

4. Compute det(A) if
a b c 2a+p 2b+q 2c+r

det | p ¢ r | =7, andA=| 2p+2x 29+y 2r+=z
T Yy z 2r+a 2y+b 2z+c

Solution:

We have
2a+p 2b+q 2c+r

det(A)=| 2p+2 2q+y 2r+=z
2c+a 2y+b 2z+c



2a 2b 2c 2a 2b 2c 2a 2b 2c 2a 2b 2c
=|2p 2q 2r |+|2p 2q 2r |+ x y z |+ x* y =z |+
2¢ 2y 2z a b ¢ 2¢ 2y 2z a b ¢
p q T p q T p q T p q r
+ | 2p 2¢ 2r |+ |2p 2q 2r |+| 2 Yy 2z |+|x y =z
2 2y 2z a b ¢ 2 2y 2z a b c

Except for the first and the last, all other determinants become zero, because
they have proportional rows.

Hence
2a 2b 2c P q T
det(A)=1|2p 2¢ 2r |+| 2z y =z
2¢ 2y 2z a b ¢
a b ¢ a b c
=8| p q r|—|x y =z |,oninterchanging the first and third rows
r Yy = p q T
a b ¢ a b ¢
=8| p q r |+|p q r |,oninterchanging the second and third rows
T Yy z Ty z
a b ¢
=9 p q 7 |=9%x7=63.
Ty z

Alternately we have

2a+p 2b+q 2c+7 2 1 0 a b
A= 2p+2x 29q4+y 2r+z |=]|1 0 2 1 P q
2c+a 2y+b 2z+c 1 0 2 Ty
210 a b c
=det(A)=det| 0 2 1 |det| p q r
1 0 2 T Yy =z
2 1 0
Butdet [ 0 2 1 :2’2 1‘_1‘0 1’_2(4)_(_1):9
0 2 1 2
1 0 2
a b c
anddet | p ¢ r | =7 (given)
Ty =z
Hence det(A) =9 x 7 =63

We can also solve it as under.
We have
2a4+p 2b+q 2c+r
det(A)=| 2p+2z 2q+y 2r+=z Ri15(—2)
2r+a 2y+b 2z+c
2a+p 2b+q 2c+r
=|x—4a y—4b z—4c Ro3(—2)
2r4+a 2y+b 2z+c



2a+p 2b+q 2c+r
=|x—4a y—4b z—4c

9a 90 9c
2a+p 2b+q 2c+r
=9| z—4a y—4b z-—4c R31(—2), Rs2(4)
a b c
p q T a b ¢
=9z y 2 |=9|p q r|=9x7=063
a b ¢ T Yy z

5. A lab rat has a choice of three foods P, @ and R each day. On any given
day it has a 60% chance of choosing the same food as it chose the previous day,
and is equally likely to choose either of the other foods.
a) If it chooses P one day, find the probability it chooses @ three days later.
b) What percentage of its meals are food P, Q) and R?

Solution:

The transition matrix is

0.6 02 0.2
P=1| 02 06 02
0.2 02 06
1
(a) We have x( = | 0 |, then
0
0.6 02 0.2 1 0.6
xW =pxO® =1 02 06 0.2 0 |=1] 02
0.2 02 06 0 0.2
0.6 0.2 0.2 0.6 0.44
x®@ =px®W =1{ 02 06 0.2 02 | =1 028
0.2 02 06 0.2 0.28
0.6 02 0.2 0.44 0.376
x®) =px@ =1 02 06 0.2 028 | =] 0.312
0.2 02 06 0.28 0.312

Thus the probability of the rat choosing @ (or R) three days later is 0.312.

T
(b) Let the steady state be q = | g2
a3
We have
0.6 0.2 0.2 q1 q1
Pq=q= 02 0.6 0.2 @ | =\ ¢
0.2 0.2 0.6 qs q3

= O6Q1+OQQQ+OQQ3 ={q1, O2ql +OGQQ+O2Q3 = ({2, 02(]1 —|—02(JQ—|—06Q3 = (q3.
= —0.4¢1+0.2g2+0.2g5 = 0, 0.2¢1 —0.4g2+0.2g3 = 0, 0.2¢1 +0.2¢2 —0.4¢3 = 0.



=20 +@+p =0 qa-20+¢=0, 1+q¢p—-2¢=0
Solving we get
G _ 2 _B_NTeRTd
11 1 3 -3
=>Q1=(J2=CI3=%,
a result to be expected, as the rat does not show any preference for any of the
three types of food.

B _ntetg |1



