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Final Exam: 2-5pm, 90pts

161 Prove from definition: n + 4 n Ilg n € ©(n?)
81 Solve (prove, show work): T(n) = 2T(n/2) + n?
81 Solve (prove, show work): T(n) = T(n/2) + T(n/4) + T(n/8) + n
Demonstrate on input: ANPL.HFUD.EGBO.MYKI
181 MergeSort (# copies?), 1s1 QuickSort (non-rand) (# swaps?)
81 Radix sort (convert using A-0 .. Z-25 and use base 3)
161 Bucket sort (divide by 25 to get in the range [0,1))
m 8] Code an efficient function to count the leaves in a binary tree

m 81 Compare and contrast dynamic programming vs. greedy.
How can you tell when to use one vs. the other?

m Given the weighted, directed edge list (sorted by alpha):
t:(w:0, x:2, y:7), wi(z:3), x:(y:4), y:(w:2, x:2), z:(y:1)

161 Convert to weighted adjacency matrix and draw the graph
161 Demonstrate Dijkstra shortest-paths starting at t
A Demonstrate Floyd-Warshall. What is the diameter?
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Solutions: #1 (6pts) & 2 (8pts)

m Prove from definition: n? + 4 nlg n € ©(n?)

Letn,=1, c,= 1, and c, = 5, for example:
+Vn=1l:lgn=0,s04nlgn=0,s0n?=n?+4nlgn
eVn=1l:lgn<n,sodnlgn<4n? son?+4nlgn = 5n?

Thus,Vn=1:1n°=n’°+4nlgn = 5n2

m Solve (prove, show work): T(n) = 2T(n/2) + n°

Master method: a = 2, b = 2, f(n) = n3
¢ negbl@ =nlez gand f(n) = n® € Q(n'9?*¢) for all € = 2
+ Regularity cond: a f(n/b) = 2(n/2)3 = n3/4 = c f(n), c=1/4

¢+ So case 3 holds, so the solution is T(n) = ©(n3)
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Solutions: #3 (8pts)

m Solve (prove, show work): T(n) = T(n/2) + T(n/4) + T(n/8) + n

Sketching out a couple levels of the recursion tree suggests
that the it level of the tree has a total of (7/8)'n work,
and there are Ig n levels in the tree.

So our guess is 29" (7/8)'n = ©(n). We still need to prove it!
First prove T(n) € O(n) by induction:
+ Inductive hypothesis: T(m) = cmV m < n, forsomec > 0

¢ Then T(n) = T(n/2) + T(n/4) + T(n/8) + n
= cn/2 + cn/4 + cn/8 + n

= (7/8)cn + n

(7/8 + 1/c) cn
=cnifc=8

¢ This proves T(n) € O(n).

Also, T(n) = T(n/2) + T(n/4) + T(n/8) + n = n, so T(n) € Q(n).
Hence, T(n) € ©(n).
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Solutions: #4a (8pts)

m MergeSortonANPL HFUD EGBO MYKI:

The entire list is copied at each level of recursion, so the
total number of copies of elements is n lg n = 64.

ADFHLNPU BEGIKMOY

\[ABDEFGHM(LMNOPUY}/

CMPT231: final exam 12 Dec 2013

W)
= Z TRINITY
‘( WESTERN
1 INTVFRSITY



Solutions: #4b (8pts)

m QuickSotonANPL HFUD EGBO MYKI:

Total of 18 0O: ANPLHFUDEGBOMY
non-trivial swaps: 1: . HP L N

2: FLNP
3: DNPUL
4 EPULN
5: GULNP
6: . . . . BLNPU
7: A HF DEGBINPUOMY
8: ABFDEGH
9: D F
10: DETF
11: KPUOMY
12: KLUOMY
13: OU
14 MU
15: . . NY
16: . OMNUP
17: . MO

:?#‘TRIT\IITV 18: . MNO
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#4.c (8pts)

m RadixsotonANPL HFUD EGBO MYKI:

Solutions

0
1

0
0
1
1
1
2
2
2

0
0

000
0 01
1

1
2

0 00
1 20

00O
111

0
1
2

0
0
0
0
0
0
1
1
1
1

1
2
2

0
0
0
1
1
1
1
1

0
0
0
0
1
1
1
1

1
2

0
0
1
2

P: 120

L: 10 2

1
2

H: 021

0
1
2

0
0
1
1
2
2
0

0
1
1
0
0
1
1

F: 01 2

1
2

1
0
0
0
1
1

U: 2 0 2

D: 010

1
2

0
0
1
1

1
0
0
0

E: 011

G: 020

2 2

0
1

1
2
2
2
2
2

1
2

B: 001
0:11 2

I
120

2
2

0
0
1
2

0
2

2
2
2
2

1
0
1
2

0
2

10
2 0

1
-
K: 101

2

0
2

0
0

1
0

0
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Solutions: #4d (6pts)

m BucketsortonANPL HFUD EGBO MYKI:
start25

W)

\'

bkt start
0) 0.
1 0.0625
2 0.125
3 0.1875
4 0.25
5) 0.3125
6 0.375
7 0.4375
8 0.5
) 0.5625
10 0.6250
11 0.6875
12 0.75
13 0.8125
14 0.875
15 0.9375
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.6875
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.9375
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.1875
-
.3125
.875
.4375
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Solutions: #5 (8pts)

m Code an efficient function to count the leaves in a binary tree:

def CountLeaves(T):
¢ Ifisnull(T): // null ref

> return O
+ if isnull(T.left) and isnull(T.right): // | am a leaf on the wind

> return 1
¢ return CountlLeaves(T.left) + CountLeaves(T.right)
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Solutions: #6 (8pts)

m Dynamic programming:
Task substructure: split subtasks recursively

Optimal substructure: optimal solutions are
built from optimal solutions to subproblems

Choice / decisions / optimisation:
examine all subtasks and choose the best one

Reuse of subproblems: hence storing
subproblem results in table for reuse, speedup

m Greedy algorithms:

Subset of dynprog: also needs optim substr

Adds greedy choice property: optimal solutions

are built from picking the greedy choice
RO [ need to check all subtasks, just greedy choice
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Solutions: #7a (6pts), 7b (6pts)

m Convert to weighted adjacency matrix and draw the graph
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Solutions: #7c (10pts)

® Demonstrate Floyd-Warshall. What is the diameter?
Diameter is max value in the final matrix: 6(x,z) = 9

k=0 (origqg) k=1 (via t) k=2 (via w)
. twxy z (same as . twxy z
t: 00 2 7 = k=0 since t: 00 2 7 3
w:°°0°°°°3-noedgesgo -w:wowa
X: o o 0 4 into t) X: o o 0 4
y: © 2 2 0 y: 2 2 2 05
Z: © o o 1 0 Z: © o o 1 0
k=3 (via x) k=4 (via vy) k=5 (via z)
. twxy z twxyz . twxy z
t: 00 2 6 3 t: 00 2 6 3 t: 00 2 4 3
-w:ooooooo3-wooooooo3-w:oooe43
X: o o 0 4 = x: 2 6 0 4 9 x: 2 6 0409
y: 2 2 2 05 y: 2 2 2 05 y: 2 2 05
" Z: © o o 1 0 z: 3310 z: 3310
= 2 TRINITY
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